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and substitute into it from (16) we obtain by virtue of (10) and (12b)

*r , = r, - S,' + 2h"' Khr k( TI)V! -i(sAV- hap Kgr TjS")
= rX,,- (i + 1) SAP; + hat Ks,; [2k(,p T) + i T{j.

This formula establishes the relationship between the connections *r' and
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Introduction.-Classical mechanics is a limiting case of relativistic
mechanics. Hence the group of the former, the Galilei group, must be
in some sense a limiting case of the relativistic mechanics' group, the
representations of the former must be limiting cases of the latter's repre-
sentations. There are other examples for similar relations between
groups. Thus, the inhomogeneous Lorentz group must be, in the same
sense, a limiting case of the de Sitter groups. The purpose of the present
note is to investigate, in some generality, in which sense groups can be
limiting cases of other groups (Section I), and how their representations
can be obtained from the representations of the groups of which they
appear as limits (Section II). Section III deals briefly with the transition
from inhomogeneous Lorentz grottp to Galilei group. It shows in which
way the representation up to a factor of the Galilei group, embodied in
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the Schr6dinger equation, appears as a limit of a representation of the
inhomogeneous Lorentz group and also gives the reason why no physical
interpretation is possible for the real representations of that group.

I. CONTRACTION OF GROUPS
Let us consider an arbitrary Lie group with n parameters a' and in-

finitesimal operators 1t. These 'shall be given, as usual by

It = lm g(he) -g(O) (1)
h o h

where 0 are the parameters of the unit element and et differs from 0 by a
unit increase of at. The Ij are skew hermitean matrices if the group
consists of unitary matrices; instead of them one often uses the hermitean
quantities iIj. However, all our equations remain somewhat simpler if
expressed in terms of the Ij. The structure constants C are defined by

[Ii, i] = Ei CGr (2)

If we subject the It to a linear homogeneous non-singular transformation,
the C will be replaced by other constants. These are obtained from the
C by contragradient transformations of its upper and lower indices. How-
ever, such a transformation has, naturally, no effect on the structure of
the group. Let us denote the transformation in question by

J= itU,,. (3)

It corresponds to the transformation

at= E Ui bK (3a)

according to which the J are obtained by the same equation (1) as the
I, except that the e, have to be replaced in it by a similar quantity, defined
with respect to the b.
The above transformation may lead to a new group only if the matrix

U of (3) is singular. We shall call the operation of obtaining a new group
by a singular transformation of the infinitesimal elements of the old group
a contraction of the latter. The reason for this term will become clear
below. The singular matrix will be a limiting case of a non-singular matrix.
The latter will depend linearly on a parameter e which will tend to zero:

Ui = u , + eu.1p. (4)
For 0 < e < Eo the determinant of (4) is different from zero, it vanishes for
C = 0.
We shall transform (4) into a normal form by a non-singular and e
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independent transformation of both the J, and Ii. If the matrices of the
corresponding transformations are denoted by a and ,B, respectively, u
and w will be replaced by f,ua-1 and f3wa-'. It is possible, by such a
transformation, to give u and w the form

1 0 vO0
O0w= O 1 ~~~~~~~(5)

0 0 0 1

The number of rows and columns in the unit matrix in u, and in v, is equal
to the rank r of u. It is advantageous to label the transformed J and I
with a pair of indices, the first referring to the subdivision of u given in
(5), the second specifying the various J and I within that subdivision.
Hence, (3) assumes the form

r

ill = II,+ eEVM 1 (V = 1,2, ...,r)
(6)

J2A= 42, (V= 1,2, ... ,n -r)

The corresponding transformation of the group parameters is
t

a,P = bl, + eE v,sb1, (P = 1, 2, .. ., r), 1 (6a)
a2, = eb2,. (v= 1,2,...,n-r)

It is well to remember that the parameters a lead to the infinitesimal
elements I, the parameters b to the J. The last equation shows that a
given set of parameters b correspond, with decreasing e, to smaller and
smaller values of the parameters a2. In the limit e = 0 (if such a limit
exists), one will have contracted the whole group to an infinitesimally
small neighborhood of the group defined by the a,, alone. This justifies
the name given to the process considered.
The transformation of the infinitesimal elements which we carried out

also changes the structure constants and we shall write for (2)

r ~n-r
[IaC, I,p] = F2 Cav, p>"IKi + E Cac,, ~2I2K (7)

K = I K = I

wherein a and ,3 can assume the values 1 and 2. This gives for

riJlp J,;,] [ilts Il,] + CE(vP laAA,, + sppIV;J,, + elv,VP,,Aj,) III, JIX,,
- E c1.1, J1K + - I C1V 1J2K + 0(1).

K E K

Hence, if the commutator of Jf, and J1,, is to converge, as e -O 0, to a linear
combination of the J, the structure constants
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Civ1,,I = 0 (8)

i.e., the I,, must span a subgroup. On the other hand, if this happens
to be the case, the structure constants will converge to definite values
Cav, ,s,,ase-O

C1, 11 = C1, 1x cl 1j = C1w, 1; =°

C1P, 2jA = 1K C1r, 2 = C1V, 2y (9)
C2V. 21&= C2,,2P = 0.

These structure constants satisfy Jacobi's identities since the structure
constants for the J do this for non-vanishing e. We shall say that the
above operation is a contraction of the group with respect to the infinitesi-
mal elements 11, or that the infinitesimal elements 12,, are contracted. We
then have, from (9).
THEOREM 1. Every Lie group can be contracted with respect to any of its

continuous subgroups and only with respect to these. The subgroup with
respect to which the contraction is undertaken will be called S. The con-
tracted infinitesimal elements form an abelian invariant subgroup of the con-
tracted group. The subgroup S with respect to which the contraction was under-
taken is isomorphic with the factor group of this invariant subgroup. Con-
versely, the existence of an abelian invariant subgroup and the possibility to
choose from each of its cosets an element so that these form a subgroup S, is a
necessary condition for the possibility to obtain the group from another group
by contraction.

It is easy to visualize now the effect of the contraction on the whole
group. The subgroup S with respect to which the contraction is under-
taken remains unchanged and it is advantageous to choose the group
parameters in such a way that a2, = 0 throughout S. Thk2n (6a) can be
replaced by

a,, = b1, a2,= Eb2, (6b)

and this can be assumed to be valid throughout the whole group, not only
in the neighborhood of the unit element. As e decreases, a fixed range of
the parameter b will describe an increasingly small surrounding of S. As
e tends to 0, the range of the b2, will become infinite and describe only
those group elements which differ infinitesimally from the elements of S.
The elements which are in the neighborhood of the unit element of the
original group but have finite parameters b2, will commute and form the
aforementioned commutative invariant subgroup. Naturally, the ele-
ments of this invariant subgroup will not commute, in general, with the
elements of the subgroup S: the change of the parameters a2, = eb2, will
be, upon transformation by finite elements of S, of the same order of
magnitude as these parameters themselves. Naturally, the convergence
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of the original group toward the contracted group is a typically non-
uniform convergence.
Every Lie group can be contracted with respect to any of its one para-

metric subgroups. If the three dimensional rotation group is contracted
in this way, one obtains the Eucidean group for two dimensions. Con-
traction of the homogeneous Lorentz group with respect to the subgroup
which leaves the time coordinate invariant yields the homogeneous Galilei
group, contraction of the inhomogeneous Lorentz group with respect to
the group generated by spatial rotations and time displacements yields the
full Galilei group. Contraction of the de Sitter groups yields the inhomo-
geneous Lorentz group. It should be remarked, finally, that if a group,
obtained by contraction of another group with respect to the subgroup S,
is contracted again with respect to S, the second contraction remains with-
out effect.
The above considerations show a certain similarity with those of I. E.

Segal.' However, Segal's considerations are more general than ours as
he considers a sequence of Lie groups the structure constants of which
converge toward the structure constants of a non-isomorphic group. In
the above, we have considered only one Lie group but have introduced
a sequence of coordinate systems therein and investigated the limiting
case of these coordinate systems becoming singular. As a result of our
problem being more restricted, we could arrive at more specific results.

II. CONTRACTION OF REPRESENTATIONS

If one applies the transformation (6) to the infinitesimal elements of
a representation of the group to be contracted, and lets e tend to zero, the
J2, will also tend to zero. The representation will become isomorphic to
the representation of the subgroup S, i.e., will be a representation of the
factor group of the invariant subgroup. In order to obtain a faithful
representation, one must either subject the J2, to an e dependent transforma-
tion, or consider the J2, which correspond to different representations, e.g.,
go to higher and higher dimensional representations as e decreases. We
shall give examples for both procedures.

(a) Representations of the Contracted Group by Means of e Dependent
Transformations.-The first procedure is applicable only if the infinitesimal
elements are not bounded operators, i.e., as far as irreducible representa-
tions are concerned, only if the group is not compact. The simplest non-
compact non-commutative group is that of the linear transformations
x' = eax + #. The general group element is °Oa = T(Q)R. with the group
relations T(fl)T((3') = T(8 + a'); RaRa, = Ra+a,and R.T(3) = T(ea1)Ra.
The only faithful irreducible unitary representation of this group can be
given in the Hilbert space of square integrable functions of 0 < x < co:
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Ri{,(X) = e(1/2)f4,(eax) T,94,(x) = e"x4,(x). (10)
The infinitesimal operators are

d
Ia = I1 = l/2 +Xd I = I2 = ix (lOa)dx

with the structure relation

[I1, I2] = I2. (lOb)

Contraction with respect to the group of transformations x' = e" leaves
the group unchanged: the only non-vanishing structure constant is C,22
and (9) shows that this does not change. We can try, therefore, to trans-
form A1 and eI2 with an e dependent unitary matrix so that I, remain
unchanged, the transformed J2 converge to I2

S.- IlS, = I, 6Sf1I2(SEI2. (11)

This is indeed possible: one has to choose Se = RI.n This commutes
with Il. It follows from the group relation that S.-ET(#)SE = R-I fT(,B)
Rln e= T(fl/l) and one has, hence, as h -O 0

,ES,-I2S, = eSj-lim h-1(T(h) - 1)S.
= limeh-1(T(h/e) - 1) = I2 (hla)

Hence eS1-I2S. not only converges to J2 = I2 but remains equal to it for
all e.

It is more surprising, perhaps, to see that the same device is possible
also if one contracts the group with respect to the subgroup of the T(Q).
The contracted group is, in this case, the two parametric abelian group.
We demand, in this case, that S, commute with Ip and hence, by (lOa),
that it be multiplieation with a function of x. Because of S' unitary na-
ture, we can give it the form exp (if(x, e)). Transformation of the EIa of
(lOa) with this gives

ESI-I.S = -eetf(x e)(1/2 + x d/dx)e'f(x E)
= ('/2 + x d/dx) + Eix d/dx f(x, e). (12)

The first part of this converges to 0 as it should since (12) should converge
to an operator which commutes with ix. The second part converges to
J2 = ixf'(x) = ig(x) if one sets

f(x, e) = e-lf(x). (12a)

Hence, the transformations of the contracted group corresponding to the
parameters a,, is multiplication with
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which is again a faithful (reducible) representation of the contracted
group.
The operators corresponding to finite group elements could have been

obtained directly by transforming Oa. .e = T(,E#)Ra with R1, E in the case
of contraction with respect to Ra. Similarly, (13) could have been ob-
tained directly by transforming Oea., a = T(1)REa with exp (t-lif (x)).

It is not clear how generally one can obtain a faithful representation
of the contracted group as a limit of an e dependent transform of a faithful
representation of the original group and the substitution (6b) of its param-
eters. Certainly, the procedure is not applicable to irreducible repre-
sentations of compact groups or, more generally, if the infinitesimal oper-
ators are bounded.

(b) Representations of the Contracted Group from a Sequence of Repre-
sentations.-We shall now give a few examples for the second procedure,
i.e., obtaining a representation of the contracted group by choosing a
sequence of unitary representations D () .. ., D(, ... so that each
of the operators

If0),EI (v= 1,2, ..,r; u= 1,2, ...,n -r) (15)

converge to a finite operator as e 0 and 1 --.c Alternately, we can
ask that the transformation corresponding to finite group elements

DI(l) (bj, eb2m) (15a)

converge to a unitary representation of the contracted group as e -O 0,
1-- Co. The b are the parameters of the contracted group; the operator
(15) corresponds, in the representation 1, to the group element of the
original group the parameters a of which are given by (6b). The formula-
tion making use of the finite group elements (15a) is unambiguous because
it deals with the convergence of unitary operators; the first one is usually
easier to attack directly.
The convergence of the sequences of (15) and (15a) will depend not

only on the values which e assumes and on the corresponding representa-
tions D(, it will also depend in which form that representation is assumed.
Hence, method (a) can be considered as a special case of the present method
in which all D(l) are unitary equivalent.
The contracted group is always an open group because the variability

domain of the b is infinite. Hence its representations are, as a rule,
infinite dimensional. If the D(l) are finite dimensional, they should be
considered to affect only a finite number of the coordinates of Hilbert
space.
The simplest non-commutative compact group is the three-dimensional

rotation group. All its subgroups are one parametric, we shall contract
it with respect to the rotations about the z axis of a rectangular coordinate
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system of ordinary space. The contracted group is the Euclidean group
of the plane, i.e., the inhomogeneous two-dimensional rotation group.
We shall choose for D(l) the representation which is usually denoted2 by
D(: it is 21 + 1 dimensional (I being any integer) and is usually described
in a space the coordinate axes of which are labeled with m = -1, -I + 1,
l.. I - 1, 1. Hence, we label the coordinate axes of Hilbert space with

all integers m from -Xo to c. In keeping with our previous notation,
we call the infinitesimal element which corresponds to rotations about the
z axis M2 = I,. One can then write for ml 1, |m' <.

(II()i)mml = (Mi(z))mm' = im5mmi (16)

(I2xr(1)m, - (M_(5)) m' = - 2 A/(1-m)(I + in') 5m'm+MI +

MA/(1 M- m')(l + in)mm'm

(I2ii(1l)mm' = (iVv( ))mm' = 2L V/(l - m)(l + mn') 5m'm+1 +

i VA( - m')(I + m) 5m'm-1.2

All matrix elements vanish if either ImI or Im'I is larger than 1. As
I -I co, the A1 converge to a definite operator

(JV)mm' = im 6mm'. (- co < m, m' < cX) (17a)

In fact, the convergence is strong in the sense that I(p converges strongly
to J1p if p is in the definition domain of J1. If e and I converge to zero
and infinity, respectively, in such a way that le --o- the other two in-
finitesimal elements will also converge to J2x, .J2v, respectively, where

1
(J2x)mml = 2 Z(bm'm-i - bm'm+i) (17b)

(J2y) mm, = j 2 (Sm'm-i + bm"tn+1)

It follows from the fact that there are only a finite number (two) non-
vanishing matrix elements in both 12X and I2, that the operators satisfy
the commutation relations of the contracted group

[Jx, J2y] = 0 [Jl, J2x] = 2y [J J2y] = -J2,. (18)
It further follows from

(II(l))2 + (I2X(1))2 + (12y(1))2 = 11+ 1

by multiplication with C2 and going to the limit in the above way that
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It was important, for obtaining convergent sequences of I,(') and 6eI2(l,
to have assumed the D(z) in the form given by (16). This form was
reduced out with respect to the subgroup S and this caused, in this case,
the convergence of the sequence I, . The convergence of the eh2( ) does
not actually follow from the convergence of the I,('), and hence from- the
reduced out form of the representations DO), but was made at least possible
by this circumstance.

Before going over to the investigation of the Lorentz groups, it may
be worth while to make a final remark about the above contraction, even
though it has little to do with our subject. We shall determine, first,
the matrices which correspond to finite group elements. For this purpose,
it is useful to consider that form of the above representation in which the
Hilbert space consists of functions of x and y and the infinitesimal operators
have the natural form for infinitesimal operators of the Euclidean group
(a and r are polar coordinates x = r cos a, y = r sin a)

l= - )/a = y - x8/by (19)

2,= 8/8y J2V = -a/ax. (19a)
One should keep in mind that J2 arose from 2_, which is the infinitesimal
rotation about the x axis and corresponds to a displacement in the -y
direction. Similarly J2,, corresponds to a displacement in the x direction.
The function (p(a, r) corresponds in the new Hilbert space to the vector

which has the components (Pm in the Hilbert space of (17a), (17b). It
further follows from (18a) that

/ 62 62 \ ~
(X2 + 2) = v2 (20)

whence one can write

<(x, y) - fe-i2-(xcos a' + ysin a') g(a')dai' (20a)
= f8e-iZr cos (a - a') g(a')da'

f,r-ixrcos a'g(ag - a')da'.

All integrations are from 0 to 2X. Expanding g(a - a') into a Fourier
series of a - a', one finds

.p(x, y) -feir cos a' E gm e-im(a - a') da' (20b)

m runs from -Xo to o. The last form makes it easy to calculate J by
(19), the first form permits one to calculate .4, andJ2 v easily. Comparison
of the expressions obtained in this way with (17a) and (17b) shows that
gm = 'Pm. In order to remain in keeping with the usual notation, we

define3
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2TJm^(Z) = im fe-iscos a'eima' da

Jm is then the ordinary Bessel function of order m. This permits one to
write for (20b)

p(a,r) 2wE ei-me -imaJm(Zr). (21)
Because of (19a), one can write down at once the finite group operations.

In particular, for the displacement T(t, a) by t and q in the x and y direc-
tions one has

T(Q, )?p (x, y) = p(x - , y - i). (22)

Hence, denoting the matrix for the same operation in the original Hilbert
space by T(Q, q) mm', one has

(p(x - t, y -7) = 2w E E T(%, ?) mm,pm,ir-me-"ia Jm(Zr). (22a)
m m

This permits an explicit determination of the T(%, fl)mm' We shall not
carry this out completely but set only r = 0 in (22a). Since all Jm(O) = 0
except Jo(O) = 1, the summation over m disappears on the right side.
The left side becomes, at the same time by (21)

op(-t, -v) = 2wr E pmi-m -im(P +1) Jm(P) (22b)

where ,S, p are the polar coordinates for {, t. Comparing (22a) and (22b)
one finds, with 0= 0, 1= 1/2r, t = p

Jm(:p) = T(O, P)om. (23)
The group relations and the form of the infinitesimal operators (19a) gives
at once the most important relations for Bessel functions, such as the addi-
tion theorem, differential equation (cf. (20)), etc. Up to this point the
argument is not new but merely a repetition, for the two dimensional
Euclidean group, of a similar reasoning given before4 for the rotation
group. This led to the equation4

D()(0,,O)om = Pm(cos = + i)!! P- (cos) (24)

in which P' is Legendre's associated function of the first kind, P- is normal-
ized to the same value as P? = Pt. Furthermore, 0, ,S, 0 is the rotation
about the x axis so that, by the definition of T(O, p)

T(O, p)m'm = (-)ml lim DO (0, Zp/l, 0)m'm. (25)

This, together with (23), gives the asymptotic expression for the associated
Legendre functions"

lim Pfl(cos (p/l)) = Jm(p).
1 -ao.
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III. CONTRACTION OF LORENTZ GROUPS

Let us consider, first, the inhomogeneous Lorentz group with one space-
like, one time-like dimension. It is given by the transformations

xi = x cosh X + t sinh X + ax (26)
t' = x sinh X + t cosh X +0,

We wish to contract it with respect to the subgroup of time displacements
t' = t + at. The infinitesimal elements of (26) are: time displacement
11, space displacement I2x and "rotation" in space-time 12), Their com-
mutation relations read

[I1, I2X] = 0 [I, 12X1 = -12X [12xJ I2] = -Ii. (27)

Hence, by (9), the commutation relations of the contracted group are

[Jl, J2A] = 0 [J1, J2] = -J2A [J2x, J2J] = 0. (27a)

The "rotations" in space-time, together with the displacements in space,
form a commutative invariant subgroup.
The matrices

cosh X sinh X ax
sinh X cosh X at (26a)

0 0 1

form a natural, though not unitary, representation of the group of trans-
formations (26). We can carry out the contraction by setting a, = b,
X = ev, ax = ebx or X = v/c, ax = bx/c and letting e converge to 0,
or c converge to infinity. If we do this directly in (26a), the representation
will not remain faithful for the contracted group. We shall transform
therefore (26a) with a suitable e (or c) dependent matrix: multiply the
first row with c, the first column with 1/c. If c goes to infinity in the
matrix obtained in this way, one obtains the transformations of the con-
tracted group

xi = x + vt + bx (27a)
t' = t + bt.

It is the inhomogeneous Galilei group with one spatial dimension. The
transformations x' = x + vt + bx, t' = t form the commutative invariant
subgroup.
The same contraction can be carried out for an inhomogeneous Lorentz

group with an arbitrary number of spatial dimensions. The only difference
is that the subgroup S, with respect to which the contraction is carried
out, contains not only the displacements in time as in the above example,
but also all purely spatial rotations, i.e., all homogeneous transformations
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which leave t invariant. The invariant subgroup of the contracted group
consists of all spatial displacements and Galilei transformations: =
xi + vit + bi, t' = t.

Contraction of the Unitary Representations of the Lorentz Groups.-We
shall be principally concerned here with the group of the special theory
of relativity, i.e., the inhomogeneous Lorentz group with three space-like
and one time-like dimension. The subgroup S with respect to which we
shall contract it contains the displacements in time, the spatial rotations,
and the products of these operations. The contracted group is the ordinary
Galilei group, i.e., the group of classical mechanics.
We shall denote the displacement operators in the direction of the three

space-like axes by Ik (k = 1, 2, 3), the displacement in the direction of the
time axis by Io. The rotations in the kl plane will be denoted by Ikz, the
acceleration in the direction of the k axis by Iko. Io and Ik span the sub-
group S.
The quantity

12 + 12 + I3-o = P (28)

is a constant in every irreducible representation and the irreducible repre-
sentations can be divided into three classes according to the value of this
constant.6 In the first class, P < 0 and the momenta (which are -i times
the infinitesimal operators) are space-like. In the second class P = 0 and
the momenta form a null vector, P > 0 in the third class.

It is generally admitted that the representations of the first class have
no physical significance because the momenta of all observed particles are
time-like or null vectors. 'Hence we shall investigate only the simplest
one of these representations. Its operators are most easily given in the
Hilbert space of functions of three variables Pi, P2, p3 which are restricted
to the outside of a sphere of radius VA-P. The expressions for the in-
finitesimal operators are

1k = ipk o1 = -i(p2 + p2 + p2 + p)1/2 (28a)
This last equation also shows the reason for the variables Pk to be restricted
by p2 + p2 + p2 > -P: if this inequality is not fulfilled, Io ceases to be
skew hermitean and, hence, the representation is not unitary. Further

Ik = pI/lPk - Pk J/1PI (28b)
and

kO = (pl + p2 ± p2 + p)1/2 lPk (28c)

It is useful to introduce new variables instead of the Pi both in order to
simplify the definition domain of the variables and also to bring the opera-
tions of the subgroup S into a form which is independent of P. This can
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be done, most simply, by introducing as new variables

P0o= (P2 + PA + IA + P)'/2 Qk = Pk/( -2_ p)"2. (29)
The Qt are restricted to a unit sphere, po changes from 0 to c. In these
variables, the scalar product between sp and 46 reduces to

(p, i&) = fd0fdpg(Po - p)"2@# (29a)

dQ being the surface element of the unit sphere over which the integration
with respect to the Q is to be extended. In terms of the new variables, the
infinitesimal operators assume the form

I. = a - Qka/ / Io = -ipo (30)

and

Ik = iQ(Po - p) 1/2 (30a)

r/kO = - (p-p- P)61/212 8)/ Po - p(L )/6k - k )/?A2).

If we now set Jt = dt, the Jk will converge to zero unless -P becomes
inversely proportional to C2, i.e., unless - e2P converges to a definite limit
P. If this is assumed, the second term of lto win converge to zero and
the infinitesimal elements of the representation of the contracted group
become

41 = l a/auk - Uk /1 J0 = -ipo (31)

Jfko = -PQk 6/Po .fk = i PQk. (31a)
These operators indeed span a unitary representation of the Galilei group:
they correspond to case II with m = 0 of a recent determination of these
representations.7 The pt of this article correspond to our PUt, the variable
s is given by i P 6/bpo. One also understands now why it was impossible
to find a physical interpretation to this representation: it is the limiting
case of a representation of the relativistic group with imaginary mass p1/2.
The same is probably true of the other true representations7 of the Galilei
group.
We go over now to the investigation of the simplest representation with

positive P, i.e., the representation of the Klein-Gordon equation. The
infinitesimal operators are again given by (28a), (28b), (28c). However,
since P is positive, the variability domain of the p extends over the whole
three dimensional space. The scalar product of two functions so and 0 is
now given by

(v,, *) = fffdp,dP2dp3 pN' @P (32)
in which po is still given by (29).
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If we set, in the sense of (6),

Jk = elk = (iiPk (33)

the operation of time displacement becomes

ijf = iIo = (-i -I2- I + p)1/2 -
I' (-J -j2 _ J3 + r2P)1"2 (33a)

Since the Jk are skew hermitean, their squares are positive definite
hermitean operators. Since e2P is also positive the expectation value
((p, iJop) of iJo is, for any state ip, greater than e-1 times the expectation
value of if1. It follows that if J1(p converges to a vector in Hilbert space
as e 0, the vector Jo(p must grow beyond all limits. The same is true,
of course, for the other Jk. It follows that the representations considered
cannot be contracted in the sense discussed in the previous sections and
the same is true of all representations of the classes P > 0.

It is possible, however, to contract these representations to representa-
tions up to a factor of the Galilei group. The commutation relations of
the infinitesimal elements of representations up to a factor differ from the
commutation relations of real representations by the appearance of a
constant in the structural relations. Hence

[JO, J,] = Ec-C J. + bl,h1 (34)

where cy are the structure constants of the group to be represented (in
our case, the inhomogeneous Galilei group) and the ba,,1 are multiples of
the unit operator. One will, therefore, obtain infinitesimal elements of
representations up to a factor if one sets, instead of (6)

Av = I,v - a1,v J2V = J2v- a2.1 (34a)

in which all a may depend on e. Since the additional terms in (34a)
commute with all other operators, these additional terms will not affect
the left side of (34). Hence, they must be compensated also on the right
side and this is done by the additional terms b%,01. The point of introduc-
ing the terms al in (34a), which then necessitates the introduction of the
b in (34), is that the right sides of (34a) may converge to finite non-vanish-
ing operators even if the I,,, U2, cannot be made to converge.
The above generalization of the concept of contraction indeed allows

a contraction of the representations given by (28a), (28b), (28c) also for
P > 0. As we let P go to infinity, Io will also tend to infinity ((Io(p, Iosp)
converges to infinity for all p). However, subtracting -ipl/2 1 from Io,
it will converge to

J= lim -i(-I12 - 12- 3 + p)1/2 + ipl/2
= (i/2P1/2) (2 + 122 + I3) = (i/2P/2'E2)(j2 + J2 + J). (35)
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This shows that Jo will converge to a finite operator if the Jk = elk do and
if P1'el2 converges to a finite constant m as P -- c, e -O 0. Both can be
accomplished by assuming the representation in such a form that, instead
of (28)

Ik = ipk/l C o = -i(P + (Pi + P2 + P2)/2)'2. (36)
This is indeed possible because the variability domain of the Pk is un-
restricted and the above form of the infinitesimal elements can be obtained
by unitary transformation of the operators given in (28a). Such a trans-
formation leaves the Iki of (28b) unchanged but transforms the Iko of
(28c) into

ho = -e( 2+( 2+ A 2)/e2)1/2a/Pk* (36b)
Hence we shall have

Jo= lim-i(P + (p2 + 1A + p2)/C2)1/2 + ipl/2 =
-(i/2m) (1+P2+/4)

Jkl = Pl?/lPk - Pkb/lPI (37.1)

Jk = lim e(iPk/e) = iPk

jko = lim -_e(p + (p2 + p2 + p2)/E2)1/21)/JP
= lim -(Pe4 + E2(p2 + p2 + p2))1/26/p_ - -m?/aPk (37.2)

The reader familiar with the transition from the Klein-Gordon to the
Schr6dinger equation will recognize the increase of the rest mass with
increasing c and the elimination of this rest mass by the subtraction of
-iP'121 from the infinitesimal operator of the time-displacement operator.
The infinitesimal operators (37.1), (37.2) for the contracted group are in
fact those of Schrodinger's theory. It is likely that a similar contraction
is possible also for the other representations with positive rest mass (i.e.,
P > 0) but this and the behavior of the representations with P = 0 will
not be further discussed here.
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